
Announcements
.

1) HW #3 due Thursday

2) Lab , exam 1 EC .

due today



Example 1
'

.
Show

-

a

XTY
-4)

tin -

( × ,y)→( 0,4 )

×4t(y
-414

does not exist .

idea : pick two curves , either

y=f( × ) ,
×=fly ) ,

or

more general that go through

( 0,4 )
.

Plug them into

the equation ,
take a

1 variable

limit , get different answers .



Choose y=4

Then the equation becomes

×2( 4-÷a u
× +( a-

u÷-0x

since Xto .



Choose ×=O

We

get
(y÷

04+(544
=

±
= o

(y - y)4since ytu bad !

This is the same number

we just came up
with .



Choose a line with slope I

.

Need to pass through the

point ( 0,4 ) ! Use

point - slope form :

1 .(×- o)=y -4
,

so

y=×HE
S into equation .



Plugging y=×+4 into

×Yy±
,

so we get
a 4

×  +6-4¥
tut•( ital)
a
ga

=

Ito
,

So the limit does not exist !



Exampljd
.

Shoo
xt3 ) ( yt )

line
yy ) -71-3,1 ) ( xt ] ) t( y

- l )

does not exist

Choose × =-3
2

( o ) ( y - I ) 0

- =

-

4

02+6. ,)44¥
since ytl .



Choose y=1

=+3 ) ( 0 ) =L*13+04(÷- 0

since
.

xt -3bad !



Choose a line with slope
1

,

passing through ( -3,1 )

€=,etxtuywsin:

Plus in y -
1 for X+3 into

(×+3 ) (y÷•Ptlyt )



Plus in y - I for Xt3 into

2

(11+3) (

y÷
y

( Xt3) tly

:→ ( y - l ) (y÷4

( y . l ) + ( y
- l )

= ( y
- i )

(y-iP¥step
)

= #
⇐

,n→0
as y→ ,

bad !



Idea : factor out either

( y
- I

)4
or (

×+3)2
from the denominator .

Original equation :

a

(1/+3) ( y
- i )÷( X+3 ) t ( y

- I )

Try y
- I = #

.

ftp.xt3 ,

§ -
I )4= ( ×t3)3 ,



Plug

in3)(×t÷-33+1×+35

= (Xt# =£±0 ,

2(¥2
so limit does not exist !



Moral : look at ratios

between the powers of

x and y to choose

your curves !

Remember : Your curves must

pass through the point

( a ,b ) in question ! Start

with lines
,

work up

from there .



Recall Terrifying Definition

÷→1R where D is in IR
'

lim f(x,y ) =L if

( qy )→( a ,b )

for every E 70 ,
there is a

8>0 such

thatff when

o<l1(x,y)-k,b)l#-



You don't have to do circles !



[

×anpJl
: Show

tin ( xty ) = 5
( x,y)→( 2,3)

.

Choose { 70 . we

want

/x€hE
when

0< / / ( × ,y1 - (2/3)/1 < 8

for some 8
.



/ xty-5¥y -2-31

= (1×-2)+4-31

@/×. 21+1531

Want :
Some number k

Such that1×-21+19-31<-411
( xsy ) -133311

( k >o )



Compare

( 1×-21+1531 } and

( 11 ( xiyl - C 2,31112=1×-25+4-35

7 = ( × -25+21×-211531

+ ( y -3)÷His ) - C2,3112

Can't choose k=1 !



Will 4=2 work ?

we'd have
?

1×-21+1531<-2111×14-12,311 .

Squaring ,
we'd get

( ¥221×-211531+1*12

{ 41×-2)2t4(
y -32

3 3

50 : Is 21×-2119-31

{ 3( × -25+319-39 ?



This is true since

21×-211531

{ 2 maximum { ( x -212, 4-33

E 3 maximum { ( x -25
,

( y -3133

E 3 ( × -213+3 ( y - 33 -

So K =2 !



We choose J= Ez .

Then If 0<-11 ( xiyl - 12,3 )H< £2
,

/ xty -51=1×-2+531
I |×21 Hy -31

£211 ( X . ) -

(213)1122192
) = E

Done !



Using the following facts :

lim × = a and

( yy )→( qb )

lim y = b
,

we

( xiy )→( 9 ,b )

( an show that the limit

as ( x ,y ) → ( a ,b ) of any

Polynomial in X and y

exists , using the limit

laws .

Example .
.ph/iyj=5X3yt10xy5



Limit Properties
-

Suppose tin f(x,y ) =L

( × ,y)→( a ,b )

and lim gksy ) = M
,

( ×/y)→( a ,b )

where M and L are real numbers .

I ) lim ( ffyyjtgiyy ) )

@,yH( a ,b )

=
MTL



21 tin ( fcxiylgiyy ) ) = LM
( x,y)→(a%ay )

3) ling ,
= Fy

( ×y)→( a ,b )

except when M=0 .

4) Suppose h ! 112-7112

and lim hW=K .

× -7L

Then lim h(f(x,y ) )
( × ,y1→( a,b÷jnehlx )=k



The Squeeze Theorem
-

Suppose f(x,y\{ hcxiy )Eg(×,y )

On Some disk of radius r

about ( a ,b ) .

Then if

tianya.lt?e:HxiHEnhlx/y
) =L

( xiyltca ,b )



Example 4

÷how

6 2

linkssin( ttf ))
( × ,y)→( 0,0 )

= 0 .

for any real number -0
,

- 11 sinlo ) El



With o= 16¥tyt 1

t.sif.tt#)e1 .

Multiplying through by Xby }

-

xbyk.xbyasif.lk#)ex6y3limX6y2=o=limfx6y2
)

,
( yyl -710,0 ) ( x ,y1→( 0,0 )

and So by the squeeze theorem
,



a
!Iv%P53sin×ksx§


